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The microhydrodynamics associated with membrane cross-flow microfiltration 
processes is analyzed. To this end, numerical computdtions of the flow near a pore of a 
spatially periodic model porous surface are performed for uarious porosities and suction 
conditions. The structure of the jluid capture tube as well as related fluid dynamics 
aspects, such as the existence of a recirculating eddy in the pore, the slip velocity at the 
wall, and the pressure drop across the pore, are inuestigated. In particular, the influence 
of the neighbor pores on the structure of the fluid capture tube of a given pore is studied. 

Introduction 
The problem of particle entrapment from a suspension 

shear flow past a porous surface with suction has a funda- 
mental application in cross-flow microfiltration in order to 
understand the limiting phenomenon of membrane fouling. 
Indeed it is commonly admitted that particle deposition and 
aggregation at the membrane surface is the first and one of 
the major factors in the fouling mechanism. The motion of 
small particles of several microns range is directly connected 
to fluid flow if we neglect gravity effects. The first necessary 
step consists in analyzing and modeling hydrodynamics in the 
near-field region of a porous surface with suction and espe- 
cially close to a pore of this porous surface. 

Recent works have been published on the problem of shear 
flow over a small circular side pore. The main application 
was blood flow and, more precisely, microcirculatory behav- 
ior involving the distribution of the cellular components of 
blood. Tutty (1988) modeled the problem of linear shear flow 
along a flat wall, past an infinitely deep circular hole perpen- 
dicular to the wall, with fluid being sucked into the hole. By 
assuming Stokes flow, the three-dimensional problem was re- 
duced to two independent problems on a two-dimensional 
domain. Regions of high and low wall shear stress have been 
located to determine where atherosclerotic lesions occur in 
blood vessels. An analogous problem has been considered by 
Yan et al. (1991) and Wu et al. (1992) in order to better un- 
derstand the phenomenon of defect of discharge hematocrit 
into the side branch compared to the feed reservoir hema- 
tocrit and its variation with the shear flow rate. Two underly- 
ing mechanisms were considered: the fluid skimming from 
the particle-free layer at the main tube wall (Yan et al., 1991) 
and the particle screening due to the hydrodynamic interac- 

tion with the pore entrance (Wu et al., 1992). These studies 
were also at low Reynolds number and applied a simplified 
description of flow as a linear combination of a Sampson flow, 
that is, the flow through a circular hole in a plane, and a 
simple shear flow according to Dagan et al. (1982). This as- 
sumption implied that the authors neglected the counterro- 
tating vortex flow within the side branch, obtained by Tutty 
(1988) in some cases, since transverse velocity at the mouth 
of the pore was taken equal to zero. However, they showed 
that this simplified solution could accurately represent the 
flow within the upper half-space over the pore, except for the 
location of the wall attachment point. The results were found 
to be qualitatively similar to the experimental observations of 
the hematocrit defect in microcirculation. 

In the context of cross-flow microfiltration, a two-dimen- 
sional approach has been developed by Schmitz et al. (1992) 
on the problem of shear flow past a porous surface and its 
subsequent effect on particle deposition at the membrane 
surface. This numerical study computed Stokes flow near a 
single pore of the porous surface with suction. The authors 
have shown the existence of two flow structures, related to 
the intensity of suction, which determines the possible parti- 
cle deposition. Results in terms of streamlines were of the 
same type as the ones obtained by Tutty (1988) in three di- 
mensions. Particularly, they showed the existence of a recir- 
culating vortex flow within the pore at low suction, prevent- 
ing particle entrapment. But two aspects had still to be exam- 
ined: the influence of the surface porosity on the flow struc- 
ture and, more precisely, on the fluid capture tube and its 
shape, and also the characterization of the three-dimensional 
effect, since the two-dimensional study modeled the pore as 
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a slot of infinite lateral extension. The first aspect requires 
accounting for the existence of numerous pores at the sur- 
face, that is, the influence of neighbor pores on the flow near 
a given pore. None of the previous works considered such an 
influence because they analyzed a channel flow with a single 
small side branch or with noninteracting pores. Moreover, we 
have to consider the exact Stokes solution instead of the ap- 
proximate Sampson solution, since determining the flow 
structure within the pore is of great interest for the under- 
standing of particle behavior. 

Accordingly this article proposes a three-dimensional ap- 
proach to fluid flow near a circular pore of a porous surface 
with suction. This pore is one of the million pores of the 
porous surface. In fact, the model porous surface is a spa- 
tially periodic porous surface. This enables us to make use of 
periodic boundary conditions in order to compute the fluid 
flow over a representative unit cell of the porous surface in 
which a cylindrical pore is supposed to be centered. First, the 
local problem allowing one to compute the flow in the near 
wall region is established. The problem is solved by means of 
a finite element method. Subsequently, we discuss the exist- 
ence of a slip velocity at the porous wall. Influence of such a 
slip velocity at a membrane surface on ultrafiltration per- 
formance has been studied by Singh and Laurence (1979) 
from a theoretical standpoint. Effect of the slip velocity on 
the structure of the flow in the entrance of a porous pipe was 
reported by Tanahashi et al. (1982). Our simulations show 
that the slip effect is practically negligible, at least for the 
porous surface considered in this article. We then study the 
flow through the membrane and show that the pressure drop 
across the membrane can be simply estimated by assuming a 
Poiseuille flow within the pore. The last part of the article is 
essentially devoted to studying the fluid capture tube, that is, 
the region occupied by fluid that is eventually sucked down 
the pore. Related fluid dynamics aspects, such as the exist- 
ence of a vortex in the pore, are also discussed. 

Formulation 
Near wall model 

We are especially interested in studying the performance 
of a pressure-driven membrane process such as cross-flow 
microfiltration. In this technique, the microporous membrane 
is the inner skin of a highly porous support channel or tube 
so that the pressure drop through the total porous wall is 
mainly due to the transmembrane pressure drop. As stated 
earlier, we study the flow in the vicinity of the membrane, 
that is, the near wall region. To be more specific, we propose 
to compute the flow within a small region of the fluid domain 
containing a representative element of the membrane struc- 
ture. This implies that we must be able to specify appropriate 
boundary conditions at the boundaries of the small region of 
interest. It should be obvious that defining such appropriate 
boundary conditions, that is, restricting the flow computation 
to a small region, is not always possible. Thus, our approach 
relies on a certain number of assumptions that should be 
clearly stated. To begin with, however, we consider the whole 
fluid domain. For simplicity, we consider a channel of infinite 
lateral extension. The upper and lower walls of the channel 
are porous and have the same porous structure. The fluid is 
incompressible and Newtonian. There are no external forces. 
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Figure 1. Flow geometry; spatially periodic model 
porous surface. 

The flow is laminar and steady. A coordinate system is cho- 
sen with the origin at the porous wall, Figure 1. The direction 
of the tangential main flow over the surface is the y direc- 
tion, while the direction of suction through the pores perpen- 
dicular to the surface is the x direction. The distance be- 
tween the walls is taken to be 2h and the channel length is 
L.  The walls are assumedl to be a spatially periodic porous 
surface with a square arrangement of pores, as shown in Fig- 
ure 1. The pores are circular and of monodispersed radius r .  
Naturally, the idea we have in mind is to study the flow over 
a unit cell of this surface only. We also suppose that the mean 
suction velocity through the pore is up = U J E ,  where e is the 
surface porosity. Under the assumed conditions, the flow 
within the channel is governed by the Navier-Stokes equa- 
tions, 

and the continuity equation, 

v - u  = 0, (2) 

with u = ( u ,  u, w). 
Concerning the boundary conditions, we can assume that 

we know the velocity and ]pressure distributions, denoted uo,  
p o ,  at the entrance of the channel. At the center of the chan- 
nel, symmetry conditions (can be imposed, d u / d x  = 0, u = w 
= 0 at x = h. At the solid part of the porous surface, the 
nonslip boundary condition is imposed, u = 0 at r,. At the 
fluid part of the porous surface, we ignore the boundary con- 
ditions since in fact the fluid domain is not limited to the 
channel, but includes the pore space within the porous walls 
and the external fluid region located above and below the 
porous walls. Clearly, a full and detailed treatment of the 
problem would require solving the Navier-Stokes equations 
not only within the channel but also within the pore space 
and the external fluid regions. Naturally, this is far beyond 
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the scope of the present article. As far as we are concerned, 
we simply state that the solution of the problem under con- 
sideration should meet the following two conditions: 

where us is the slip velocity at the wall, Beavers and Joseph 
(1967). At this stage, we study the solution of the preceding 
problem in terms of the following decomposition, 

where ii and jj are given by the following problem, 

d u  

d X  
_ -  -0 ,  i i = E = O a t x = h .  

U=u, ;  U = u ,  at x = O .  (9) 

ii = u o ;  p = p o  attheentranceofthechannel. (10) 

This type of problem has been studied by many authors since 
the pioneer work of Berman (1953). Contrary to the previ- 
ously considered velocity and pressure fields, that is, u and 
p ,  ii and jj do not depend on the small spatial scale b associ- 
ated with the heterogeneous structure of the membrane, Fig- 
ures 1 and 2. In some sense, ii and jj represent spatially av- 
eraged velocity and pressure. Let us now consider the pertur- 
bation fields rl and p .  The governing equations for these fields 
are obtained by substituting Eqs. 4 and 5 into Eqs. 1 and 2. 
Taking into account Eqs. 6-10 and the associated boundary 
conditions, this leads to, 

near wall region. Accordingly, without any further assump- 
tion, it is not correct to study the channel flow problem in 
terms of the “averaged” fields Ti and p ,  as defined by Eqs. 
6-10, for the flow does not reduce to a two-dimensional flow. 
It may “feel” the heterogeneous nature of the wall up to the 
center of the channel. This case corresponds to relatively high 
Reynolds number flows in channels of small width, that is, 
such that the channel width is not much greater than the size 
of the pore. Fortunately, this is not the situation typically en- 
countered in practice. Generally, the channel width is much 
greater than the pore size, that is, r = Ah with A << 1 where r 
is the mean radius of the membrane pore. Under these cir- 
cumstances, the inertial effects are negligible in the near wall 
region. More precisely, the Reynolds numbers generally de- 
fined for characterizing the flow in the system are the chan- 
nel Reynolds number, Re = (2uDh/u), where uD is the veloc- 
ity averaged over the channel cross section, and the filtration 
Reynolds number, Re, = (u,h/v). Taking b as length scale 
of the near wall region, we may define two Reynolds num- 
bers for characterizing the flow within the near wall region, 
Re, = (ubb /u)  where ub is on the order of the Poiseuille ve- 
locity at the distance b from the wall and Re, =(uWb/u).  
Clearly, Re, and Re,, characterize the tangential flow and the 
flow normal to the wall, respectively. It is straightforward to 
obtain 

Re, = O( ,+’Re) and Re, = O(hRe,). (17) 

As A is typically of the order of and as Re, is typically 
in the range 0 < Re, < 30, it can be concluded that the iner- 
tial effects are negligible in the near wall region. Conse- 
quently, we make the reasonable assumption that Re, << 1 and 
R ,  << 1. Therefore, the underlined terms in Eq. 11 can be 
neglected. The perturbation fields are then only controlled 
by the boundary conditions at the wall. As moreover (6) = 0, 
it is clear that the perturbation fields are not zero only in the 
region close to the wall, the thickness of which is of the order 
of b. Finally, the flow in the system can be analyzed in terms 
of an inner core region where the flow is two-dimensional 

v-fi=o (12) 

d l j  
- =0,  fi = G = Oatx = h. (13) 
d X  

~ = u - u , ;  f i=u-u , ;  G = w a t x = O .  (14) 

rj = 0; (1.5) 5 = Oat the entrance of the channel. 

We also have 

1 
(’)=- C d A = O  atx=Owhere r=rfurs. (16) rl, 

From these equations, it can be seen that the perturbation 
fields, fi and c, depend on the boundary conditions at the 
porous wall, Eq. 14, and the volume source terms associated 
with inertia effects, which are underlined in Eq. 11. At this 
stage, because of the volume source terms, it can be seen that 
the perturbation fields do not generally vanish outside some 

small-scale variations associated with the discrete distribution 
of the pores. We are now in a much better position to com- 
pute the near wall flow since we know the boundary condi- 
tion to be imposed at some distance 6 of the wall where the 
perturbation fields vanish, that is, u = ii at x = 6. We are left 
with the remaining boundary conditions. In fact, since our 
model membrane is spatially periodic, we want to compute 
the near wall flow over a unit cell of the membrane only, that 
is, over the control volume sketched in Figure 2. To this end, 
we would like to make use of periodic boundary conditions in 
the y and z directions. A priori, the flow need not, however, 
be periodic in the y direction since part of the flow is sucked 
down the pore. A little thought indicates that the flow sucked 
down the pore comes on the one part from the inner core 
region and on the other part from the near wall region lo- 
cated upstream. At this point, we need to evaluate the flux of 
mass leaving and entering through the surfaces limiting the 
control volume. In fact, we want to derive conditions under 
which all the fluid sucked down the pore may be seen as 
coming from the inner core region. To this end, let us go 
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Figure 2. Computational domain. 
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back to the inner core problem, Eqs. 6-10. This problem has 
been studied in particular by Berman (1953), Terril (19641, 
Terril and Thomas (1969) in terms of similarity solutions. 
More recently, Durlofsky and Brady (1984) have studied the 
validity of these solutions and have shown that under certain 
circumstances a similarity solution cannot be found for the 
axisymmetric flows, while similarity solutions to the channel 
case exist for all values of the Reynolds number. Assuming a 
uniform suction or injection, Brady (1984) has also shown that 
the flow within the channel is determined by the inlet condi- 
tion when the filtration Reynolds number Re, is above a crit- 
ical value, 2.3, for the axisymmetric case and 6 for the chan- 
nel case. On the other hand, it may also be concluded from 
the study of Brady that the similarity solution is accurate for 
Re, I 1. Furthermore, in this case, we may use the solution 
derived by Berman (1953), which is valid for small Re,. 
Berman’s solution has been derived under the assumption of 
uniform filtration velocity at the wall. In many real systems, 
this assumption is not valid. However, since the typical size b 
of a cell of the membrane is much smaller than the length L 
of the channel, it is reasonable to admit that the filtration 
velocity at the wall is locally uniform and therefore to make 
use of Berman’s solution locally. Also, Berman has neglected 
the slip effect at the wall. This is not, however, a severe re- 
striction since, as we shall see, the slip effect is indeed very 
weak. According to Berman, the velocities at x = 6 are given 

. . . . . . . . 

(18) 

where q = 1 - (6/h) and ziD is the velocity averaged over the 

channel cross section at y = 0, that is, uD = (1/2h) h2h 5 ( x ,  

0) dr. 
As (S/h) << 1, we deduce from Eqs. 18 and 19, 

Similarly, for (6/h) << 1, Berman solution yields the following 
expression for the pressure field, 

From Eq. 21, it can be seen that, in terms of mass balance 
over the domain of interest, the flux of mass leaving the con- 
trol volume through the pore is equal to the flux of mass 
entering the control volurne through the top side of the con- 
trol volume. Taking into account the spatially periodic struc- 
ture of the model membrane, this implies that the velocity 
fields are locally spatially periodic in the y and z directions. 
Therefore, it can be concluded that we can make use here of 
the periodic boundary condition in the y and z directions. 
Finally, we are only left with the boundary condition to be 
imposed at the exit of the pore. As the entrance length is 
very short at low Reynolds number, a Poiseuille velocity pro- 
file is imposed at the exit of the pore. This condition is dis- 
cussed in more details in the section titled “Fluid flow near a 
pore with suction.” 

Finally, in a coordinate system with the origin at the center 
of a spatial period, such as the one sketched in Figure 2, the 
problem to be solved takes the following form: 

v.u = 0 (23) 

(24) pV2u - v p  = 0. 

Upper jluid boundary. 

Pore exit boundary. 

u =  ( 2 u p ( 1 - 3 , 0 , 0 )  

Periodic boundary. 
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Solid boundary. 

U = O  a t x = ~ ,  y 2 + z 2 > r 2  (31) 

u = O  a t - d S x s 0 ,  y 2 + z 2 = r 2  (32) 

where here u, = (rr*/b*)u,. In Eq. 25, us is the slip velocity 
seen at the macroscopic level, Beavers and Joseph (1967). The 
specific study of this boundary condition is detailed in the 
section titled “Slip coefficient.” In Eq. 29, Fy is the macro- 
scopic mean pressure gradient in the channel, that is, dp/Jy. 
Indeed, it follows from Eq. 5, that 

As p is spatially periodic in the y direction, Eq. 33 leads to 

Making use of the Berman solution for the pressure distribu- 
tion, Eq. 22, one obtains 

As Fy is not zero, Eq. 29 is not a periodic boundary condi- 
tion. In order to transform this boundary condition into a 
periodic one, we express the local problem in terms of u and 
G. To this end, we substitute the pressure decomposition, Eq. 
5,  into Eqs. 23-32 to obtain 

u = (2up(  1 - -),O,O) at x =  - d , y 2  + z 2 <  r2 (39) 

where j denotes the unit vector in the y direction. Note that 
the macroscopic mean pressure gradient Fy appears as a given 
body force in Eq. 37. In Eq. 37, we have only kept the y 
component of Vp. Indeed, making use of Berman solution, 
Eq. 22 leads to 

- 
81 

0.5- -3+ -Re,) S/h << 1 (46) 
Re ( 35 

dY -= 

- dl? Re, 
dX 

which shows that djj/dx can be neglected, since Re>> Re, 
and Re, 2 1. 

Finally, this problem accounts for the flow in the near wall 
region under the following assumptions: 
.I Spatially periodic membrane 

Steady laminar flow in the channel 
.I b/h << 1; b/L e 1 
.I Inertia negligible within the near wall region 
.I R e , s l  

To derive this local problem, we have considered a channel 
with parallel porous walls. However, this problem is also rep- 
resentative of the local microhydrodynamics in a tube, pro- 
vided the tube radius is large compared to the size b of the 
unit cell of the membrane. 

Superposition principle 
For convenience the problem is expressed in dimensionless 

form adopting r and Us = ij at x = S as length scale and ve- 
locity scale, respectively (note that, under the assumptions 
listed earlier, the variation of i js  as a function of y can be 
neglected over a distance on the order of b). In terms of the 
dimensionless variables x* = x/r, u* = u p s ,  and p* = 

(rp/pijs), the local problem in which the * has been omitted 
for the variables, becomes 

v - u  = 0 (47) 

(48) V2u - Vb = jF,* 

at x =  S* (49) 

u = ( 2 y J l -  y* - z2),0,O) a t x = - d * ,  y 2 + z 2 s ~  

(50) 

(51) 

(52) 

(53) 

(54) 

(55) 

u = O  a t - d * < x < O ,  y 2 + z 2 = l  (56) 

u ( y  = - b*/2)=u(y  = b*/2) 

U( z = - b*/2) = U( z = b*/2) 

j j ( y  = - b*/2) = p ( y  = b*/2) 

jj( z = - b*/2) = @(z = b*/2) 

U = O  a t x = O ,  y 2 + z 2 > l  

where 6* = S/r, h* = h/r ,  b* = b/r, d* = d/r, F;” = 
(r2/pijs)Fy. The parameter yu = up/ij6 is a velocity ratio that 
defines the relative suction magnitude. To derive Eq. 49, a 
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slip boundary condition similar to the Beavers and Joseph 
(1967) boundary condition is used. In this equation, a is the 
slip coefficient. The slip boundary condition is discussed in 
detail in the section titled “Slip coefficient.” 

Finally, because of the linearity of the Stokes equations, 
the general problem described by Eqs. 47-56 can be split 
into three independent problems. Problem 1 corresponds to 
a Couette flow past a cylindrical cavity, Problem 2 corre- 
sponds to the pressure-driven flow past a cylindrical cavity, 
while Problem 3 corresponds to the uniform flow through a 
circular constriction. 

Problem 1. 

v - u  = 0 

V2u-V@=0 

u =  0 , 1 + - - , o  i cu6* 2 ,  
at x = 6 *  

u = (O,O,O) at x = - d*, y2  + z2  i 1 

U( y = - b*/2) = U( y = b*/2) 

U(Z = - b*/2) = U(Z = b*/2) 

@(y = - b*/2) = @(y = b*/2) 

b( z = - b*/2) = $ ( z  = b*/2) 

U = O  a t x = ~ ,  y 2 + z 2 i l  

u=O a t - d * s x < O ,  y 2 + z 2 = l  

Problem 2. 

v - u  = 0 

V2u -Vb = jF,* 

u = (O,O,O) at x = 6* 

u = (O,O,O) at x = - d*, y2  + z2 i 1 

U(Y = - b*/2) = U(Y = b * / 2) 

U( z = - b*/2) = U ( Z  = b*/2) 

@( y = - b*/2) = @(y = b*/2) 

@( z = - b*/2) = @ ( z  = b*/2) 

U = O  a t x = ~ ,  y 2 + z 2 i l  

u=O a t - d * s x s O ,  y 2 + z 2 = l  

Problem 3. 

v . u  = 0 

v 2 u - v j j = o  

u = (2y,(l- y2 - z2),0,O) a t x =  -d* ,  

(82) 

(83) 

(84) 

(85) 

u = O  a t - d * s x s O ,  y 2 + z 2 = 1 .  (86) 

U( z = - b*/2) = U( z = b*/2) 

@ ( y  = - r5*/2) = @ ( y  = b*/2) 

@( z = - b*/2) = @(z = b*/2) 

U = O  a t x = ~ ,  y 2 + z 2 > l  

The solution of the general problem is then found by super- 
position of the solutions of Problems 1, 2 and 3. This proce- 
dure is used to reduce the number of computations. Indeed, 
one case, related to a specific geometry characterized by its 
porosity E ,  needs no more than one computation for each 
problem. The solutions for various F,* and y, are obtained 
directly by a simple line<ar combination of the solutions of 
Problem 1, Problem 2 for a given F;’, and Problem 3 for a 
given y:, 

(87) u = u , + u , - + u g * O ,  F,* Y: 
F,*O Yu 

where u,, u2,  and u3 are the solutions of Problem 1, 2 and 3, 
respectively. 

Slip coeficient 
As shown in the section on the near wall model, the veloc- 

ity is uniform at a distance 6 from the wall provided that 6 is 
large enough compared to r. This velocity is given by the in- 
ner core problem, Eqs. 61-10. In the absence of suction or 
injection, the inner core problem amounts to the classic prob- 
lem of determining the macroscopic flow in a porous chan- 
nel. As is well known, the main difficulty of this classic prob- 
lem is the boundary condition to be imposed at the porous 
wall, that is, at x = 0 in our coordinate system. The most 
classic condition is the slip boundary condition proposed by 
Beavers and Joseph (19671, 

(88) 

where I/ is the filtration velocity in the porous wall in the 
direction of the external flow, K is the permeability of the 
porous wall assumed to be homogeneous and isotropic, and 
the parameter a is the dimensionless slip coefficient. For ex- 
tensive discussion on this condition, see Vignes-Adler et al. 
(1987), Kaviany (1991), Larson and Higdon (1986, 1987) and 
references therein. In brief, the Beavers-Joseph slip bound- 
ary condition can be used provided that there is no ambiguity 
regarding the location of the porous wall, Saffman (1971). As 
there is no such ambiguity in our numerical study, we are 
simply left with the determination of the slip coefficient a.  It 
can be proved that the slip coefficient a depends only on the 
geometric characteristics of the porous surface in Stokes flow 
provided the width of the channel is larger than a few pore 
diameters (Prat and Schmitz, 1995). In the problem under 
consideration, the aspect ratio h* = h/r is very high. Typi- 
cally, microfiltration membrane systems have support duct 
heights of about 1 millimeter, while the diameter of the pores 
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of the membrane is about equal to 1 micrometer. Thus, h* is 
about 1,000. On the other hand, as a is here an intrinsic 
property of the surface, it is not necessary, and it would be in 
fact numerically impossible, to determine a for a tube or a 
channel of such an aspect ratio. We can in fact consider a 
channel of much smaller width. It turns out that a width of 
the order of a few pore diameter is sufficient, so we took 
6 = 5r. As a matter of fact, we solve a problem identical to 
Problem 2 except for the boundary condition at x = 6, which 
becomes u = 0, (8  u/dx) = 0, ( d w / d x )  = 0. From this compu- 
tation, the average velocity in the y direction at x = 6 is de- 
termined, 

This velocity can be expressed in terms of the Poiseuille ve- 
locity, uph, which is the velocity at x = h that one would ob- 
tain if the channel walls were not porous, and the slip veloc- 
ity us,  that is, ( u ) ~  = uph + u , ~ .  In dimensionless form we ob- 
tain 

which leads to 

2 
a =  (91) 

S * ( ( U * ) s *  - 1) . 

In Eq. 88 fi is in fact a pore length scale. To obtain Eq. 90, 
we have taken 2r as pore length scale. Note also that we are 
dealing with an anisotropic porous medium for which the fil- 
tration velocity components in the directions parallel to the 
porous surface are obviously equal to zero, that is, V =  0 in 
Eq. 88. In other terms, the slip boundary condition takes here 
the form, 

(92) 

in which 

6 
= - F4 

(Note that in Stokes flow, a driving pressure gradient being 
given, the average shear stress at the porous wall is identical 
to the one that one would obtain if the wall was not porous, 
i.e., solid.) Once the slip coefficient has been determined, we 
can go back to Problem 1 and express the boundary condition 
at x = 6 according to Eq. 59. 

Numerical Procedure 
This three-dimensional numerical approach of fluid flow in 

the porous wall region is performed in velocity-pressure for- 
mulation using a finite element method. This method is very 
appropriate in discretizing the complex periodic geometry of 
the system under consideration. Therefore we take prismatic 

elements of rectangular or triangular cross section. The ve- 
locity functions u,  u, and w are chosen quadratic in x, y ,  and 
z due to the second-order partial differential in the system. 
The pressure function interpolation is linear. The Galerkin 
scheme is applied for the integration of the residue. The inte- 
grations on each element are performed using the Gauss- 
point integration technique. The main matrice is stored in 
compressed-diagonal storage mode and the final linear sys- 
tem is solved using a conjugate gradient squared method. 

Finite elements are very convenient for imposing spatially 
periodic boundary conditions. The periodicity of unknown 
functions is imposed by numcrical identification of, on the 
one hand, the nodes located at y = b/2 and y = - b/2, and, 
on the other hand, of the nodes located at z = b/2 and z = 

- b/2. This means that in the node numbering of the mesh, 
the numbers of the nodes located at y = b/2 are the same as 
the numbers of the nodes located at y = - b/2. Similarly, the 
numbers of the nodes located at z = b/2 are the same as the 
numbers of the nodes located at z = - b/2. Furthermore, 
from Eq. 35, one obtains 

which shows that, within the framework of our assumptions 
(see the section on the near wall model), Fy* is independent 
of y .  Thus, for a given Re,, F;* can be considered as a con- 
stant within the computational domain. 

Because it is not easy to represent graphically a threc-di- 
mensional flow in its complete form, dividing streamlincs are 
of special interest. These streamlines form a curvc bundle, 
drawing a fluid-capture tube within which the fluid is sucked 
into the pore. They are determined from the following equa- 
tion, since they are identical to the fluid particle trajectories 
in stationary flow: 

dr 
dt 
_ -  - u .  (94) 

The pore edge is discretized into 100 points, each point being 
the final point of a dividing streamline. Therefore the set of 
Eq. 94 is integrated numerically 100 times from any of these 
points to the far upstream point located at the upstream 
boundary of the domain, that is, the y = - b*/2 plane. We 
use a fourth-order Runge-Kutta technique with a time step 
based on half times the smallest width of the smallest ele- 
ment divided by the highest local velocity component to ob- 
tain a good accuracy. Furthermore, in practice, the numerical 
integration procedure begins at an initial point located at a 
negligible distance from the pore edge, x = 0 and y 2  + zz = 1 
-0.01 to avoid the singularity in the flow field at exact edge. 
Yan et al. (1991) have confirmed that this approximation pro- 
duces no significant errors in the capture tube shape. 

Results and Discussion 
The first step of the analysis of the flow in the vicinity of a 

porous surface with suction consists of determining the un- 

2218 October 1995 Vol. 41, No. 10 AIChE Journal 



0 ss 

0 20 40 60 80 100 

& (%) 
Figure 3. Variation of the slip coefficient (Y as a func- 

tion of the surface porosity E .  

known slip coefficient a. As discussed in the section on the 
slip coefficient, determining this parameter is necessary to 
solve the local problem formulated in the section on the su- 
perposition principle. 

Study of the slip effect 
The slip coefficient a is determined, as described earlier, 

for various surface porosities. Results are plotted in Figure 3. 
The slip effect is naturally greater in the case of high porosity 
than in the case of low porosity. Note that the greater the slip 
effect, the smaller the slip coefficient a. Now we go back to 
the local problem, Eqs. 23-32, and compare the magnitude 
of the slip velocity to the corresponding Poiseuille velocity at 
x = 6. As can be seen from Table 1, us can be ignored in Eq. 
25. In fact, from a practical standpoint, the slip effect is al- 
most always negligible as far as microfiltration is concerned 
because of the high aspect ratio of the hollow fibers (see the 
section on the superposition principle). This result was previ- 
ously suggested by Belfort and Nagata (1985) for all the pres- 
sure-driven membrane processes from estimations of slip- 
velocity coefficients for typical operating conditions. In addi- 
tion, as pointed out by Saffman (1971), the slip coefficient a 
is intimately associated with the precise location of the porous 
wall-plain fluid region interface. Due to the uncertainty of 
this location in practice, the slip effect is not only generally 
weak but also extremely difficult to model. Naturally, under 
certain very particular circumstances, however, taking the slip 

Table 1. Ratio of the Slip Velocity to the Poiseuille Velocity 
at x = S as a Function of the Porosity 

€ %  2.0 35 55 79 

U,/U"8 0.004 0.008 0.011 0.017 
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Figure 4. Transverse variation of mean pressure in the 
z = 0 plane for Problem 2. 

effect into account is essential (see for instance, Prat et a]., 
1994). 

Pressure drop across the pore 
Regarding the flow in the x direction, it is of interest to 

study the pressure drop between the plane x = 6, that is, the 
upper boundary of the computational domain, and the pore 
exit. Note that there is no pressure drop across the pore due 
to the flows associated wiith Problems 1 and 2. The pressure 
drop is only due to the jlow represented by Problem 3. As 
can be seen from Figure 4, which shows a typical mean pres- 
sure distribution associated with Problem 2 in the z = 0 plane, 
the pressure drop essentially occurs in the vicinity of the pore 
opening and across the pore. In their study on the creeping 
motion through an orifice, Dagan et al. (1982) have shown 
that the relation between the pressure drop A P across the 
pore and the volumetric flow rate Q through the pore can be 
expressed as 

(95) 

Note that here A P ,  Q, d', r are dimensional variables. The 
first term in the r.h.s. of Eq. 95 is the pressure drop across 
the pore due to the Poiseuille flow through the pore. The 
second term accounts for the pressure drop in the vicinity of 
the pore opening. This term is equal to the pressure drop 
experienced by a fluid flowing through a circular hole in a 
plane, Sampson (1891). Thus, as far as the pressure drop is 
concerned, the flow can be envisioned as a linear combina- 
tion of a Poiseuille flow and a Sampson flow. Contrary to the 
case studied by Dagan et al. (1982), a Poiseuille profile is 
imposed at the pore exit in the present study. Therefore, the 
pressure drop associated with the Sampson flow is not taken 
into account at the pore exit in our case. Since we are dealing 
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Table 2. Computed Values of the Pressure Drop Coefficient 
across the Pore as a Function of the Porosity 

€ %  20 35 55 79 
n c  4.105 4.090 3.960 3.700 

with creeping flows, the pressure drop across the pore can be 
deduced from Eq. 95 by taking into account half the Samp- 
son flow contribution, since our pore has one entrance but in 
fact no exit, 

where 

(96) 

(97) 

In dimensionless form, it leads to Eqs. 98 and 99, 

rAP 

PU, 
AP* =- = II(d*)b*’, (98) 

8 
where r I ( d * )  = -d* +1.5. (99) 

In our study, the aspect ratio d* = d/r is kept constant, d/r 
= 1. As can be seen from Table 2, in which computed values 
of n ( d * ) ,  denoted by n, in Table 2, are reported for the 
various cases considered in the present study, our results are 
in close agreement with Eq. 97, giving rI(d*)  = 4.046. We 
note a weak decrease of rI, as E increases. This can be at- 
tributed to the neighbor pore blocking effect that is discussed 
in the next section. This effect limits the lateral expansion of 
the flow and increases with the porosity. This leads to differ- 
ences in the flow structure between the Sampson flow case 
and the one considered in the present study. Therefore, the 
discrepancy between the pressure drop given by the Sampson 
flow solution and the one numerically computed in the pore 
entrance region may reasonably be expected to increase with 
the porosity, in agreement with the data in Table 2. 

Fluid flow near a pore with suction 
As this study concerns Stokes flow, all the simulations are 

only performed for a single macroscopic mean pressure gra- 
dient F;L, chosen arbitrarily to correspond to a Reynolds 
number equal to 100 in the channel at the location of the 
considered cell of the membrane. Therefore the local 
Reynolds number Re, = (i&S/v) is also kept constant 
throughout the study. As explained before, the local Reynolds 
number is much smaller than 1 because of the high aspect 
ratio h*, taken here equal to 500. These operating conditions 
correspond to a hollow fiber cross-flow microfiltration 
process. As mentioned previously, a heights* equal to 5 is 
sufficient to verify the assumption of uniform velocity at the 
upper fluid surface of the domain. The depth of the pore d* 
is taken equal to 1, that is, one pore radius, allowing us to 
assume a fully developed flow at the bottom of the pore as 

Tr 

boundary condition, Eq. 26. Dagan et al. (1982) have indeed 
demonstrated that the pore axial velocity approaches a 
Poiseuille profile with less than 1.5% deviation after a short 
entrance distance equal to half the pore radius. In the limit 
of very small Re,, however, the boundary condition at the 
exit of the pore becomes questionable since in this case the 
imposed boundary condition amounts to imposing a no-slip 
boundary condition at the exit of the pore, that is, it amounts 
to assuming a solid wall closing the pore. As demonstrated, 
for instance by Higdon (1985) in two-dimensions, the struc- 
ture of the flow within the pore depends on the pore aspect 
ratio, that is, here, d*. Thus, some errors are certainly intro- 
duced by this boundary condition at very low Re,. However, 
the main qualitative aspects, such as the occurrence of recir- 
culating eddies, are probably not affected. Furthermore, in 
what follows, we focus on cases for which the flow within the 
pore is dominated by the solution of Problem 3, that is, cases 
for which the suction is sufficient to ensure a Poiseuille pro- 
file at the exit of the pore. 

Computations were performed for various surface porosi- 
ties E, ranging from 20% to 80% and in a large range of 
suction conditions, Re, varying from 0. to 1. We study the 
three-dimensional flow over the porous surface by computing 
the associated fluid capture tube within which the fluid is 
sucked into the pore. We also focus on the velocity field in- 
side the pore. 

Figure 5a to 5c shows the 
fluid capture tubes corresponding to E = 20% for Re, = 0.01, 
0.1, and 1 ,  Not surprisingly, we observe that the three-dimen- 
sional effect, that is, the fact that the z velocity component w 
is not equal to zero, is more significant when we increase the 
suction intensity. This effect is quasi nonexistent at low Re, 
since each dividing streamline stays in a constant z plane. 
The resulting fluid capture tube is nearly a two-dimensional 
elliptical cylinder whose width is roughly equal to the pore 
diameter and whose height diminishes from the y = - b/2 
upstream plane and becomes flat at the downstream edge of 
the pore where it tends to 0 (Figure Sa). On the contrary, for 
the larger values of Re,,,, the width of the fluid capture tube 
cross section at y = 0 extends far beyond the boundary of the 
pore, characterizing a three-dimensional flow feeding the 
pore. Moreover for the highest values of Re,, the tube cross 
section also extends downstream from the pore, that is, some 
fluid trajectories turn back toward the downstream sharp cor- 
ner of the pore (Figure 5c). Streamwise sections of the fluid 
capture tube in the z = 0 symmetry plane are shown in Fig- 
ure 6. Cross sections of the fluid capture tube in the y = - b/2 
upstream plane are depicted in Figure 7. The existence of 
these two phenomena, lateral expansion and downstream 
turning back of the suction flow, is confirmed by Figure 8, in 
which the velocity field at the mouth of the pore is shown for 
a wide range of Re,. One observes that each z-velocity com- 
ponent rapidly diminishes as Re, becomes lower, and can 
even be neglected when Re, is smaller than 0.01, which indi- 
cates a quasi two-dimensional flow over the porous surface. 
Let us now turn our attention to the analysis of the flow 
through the pore in order to confirm the existence in some 
cases of a recirculating vortex inside the pore, depending on 
the suction intensity, already revealed by previous works 
(Tutty, 1988; Schmitz et al., 1992). 

In Figure 9a to 9d, which presents some velocity fields in 

Influence of Suction Intensity. 
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Figure 5. Variation of the fluid capture tube with the 
suction intensity for E = 20%. 
(a) Re," = 0.01; (b) Re, = 0.1; (c )  Re, = 1. 

low. Let us note that this value is consistent with the one that 
had been determined in the two-dimensional approach 
(Schmitz et al., 1992). When Re, decreases, the vortex grows 
and moves. One observes, the displacement of its center from 
the upstream upper corner to the middle of the pore when 
the suction magnitude decreases. The limit case of no suction 
flow is associated with an eddy perfectly centered in the mid- 
dle of the pore occupying almost all the pore voIume. There- 
fore when the suction exists and the vortex is present, advec- 
tion through the pore occurs only near the downstream edge 
of the pore, as shown in Figure 9a. On the contrary, when 
Re, is higher, the eddy vanishes. In this case the fluid that is 
sucked up fills all of the pore volume (Figure 9d). Further- 
more, the volume of the fluid capture tube increases since 
the suction magnitude becomes more important. The differ- 
ent flow structures obtained can, therefore, be classified into 
two categories depending on the existence of this eddy inside 
the pore, that is, according to whether Re, is less or greater 
than about 0.01. As far as microfiltration is concerned, this 
shows that there is no eddy inside the pore under usual cir- 
cumstances since the eddies are only observed for very small 
Re,. 

Despite the fact that porous 
surfaces such as nucleopore membranes are generally of small 
porosity, other porous materials may be of high surface 
porosity. In particular, the surface of a deposit of particles 
aggregated over the membrane during a cross-flow microfil- 
tration process can be :jchernatically considered as a flat 
porous surface of high porosity and of spatially periodic ge- 
ometry similar to our model porous surface. So it is of inter- 
est to study the effect of the surface porosity, E ,  on the shape 
of the fluid capture tube. Figures 10a to 1Oc show the fluid 
capture tubes corresponding to Re, = 0.2 for E = 20%, 35%, 
and 80%. As can be seen from Figures 11 and 12, the height 
and the width of the fluid capture tube decreases with E .  Not 
surprisingly the feeding of the pore by downstream turning 
back is also reduced as E increases, as shown in Figure 11. In 

Influence of Su$ace Porosi?y. 

I 

the z = 0 symmetric plane, we clearly visualize the birth and 
the growth of a clockwise-rotating vortex when Re, is re- 
duced. The vortex appears at the upstream edge of the pore 
when Re, is on the order of 0.01, that is, when Re, is very 
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Y axis 

Figure 6. Streamwise sections of the fluid capture tube 
in the z = 0 plane for E = 20%. 
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Figure 7. Cross sections of the fluid capture tube in the 
y =-b/2 plane for E = 20%. 

another respect, we clearly see in Figure 1Oc the saturation 
of lateral expansion of the fluid capture tube as E becomes 
higher. This is clearly evidenced by Figure 13, which shows 
the evolution of the capture tube extent in the z direction in 
the y = - b/2 plane as a function of E and Re,. Case E ,  

equal to 80%, appears as the limit case that corresponds to a 
quasi square cross section at y = - b/2, suggesting a quasi- 
two-dimensional case. Before the lateral saturation is 

a b 

Figure 8. Velocity fields at the mouth of the pore (x  = 0 
plane) for E = 20%. 
The fluid flows from right to left. (a) Re,  = 0.001; (b) Re,  = 
0.01; (c) Re,  = 0.1; (d) Re,  = 1. 
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Figure 9. Velocity fields inside the pore in the z=O 
plane for E = 20%. 
(a) R e ,  = 0.001; (b) R e ,  = 0.01; (c) R e ,  = 0.1; (d) Re, = 1. 

reached, the lateral expansion of the capture increases as E 

decreases and Re, increases, as can be seen from Figure 13. 
As discussed earlier, results reveal a higher fluid region over 
the porous surface concerned by suction, as E is smaller and 
Re,,, is greater. This is summarized in Figure 14, which shows 
the evolution of the capture tube extent in the x direction in 
the y = - b/2 plane as a function of E and Re,. 

Particle aggregation, not only 
at the porous surface but also inside the pores, depends dras- 
tically on the flow in the vicinity of the porous surface and 
more precisely on the fluid flow toward the numerous collect- 
ing pores of the porous surface. Therefore it is interesting to 
characterize the fluid capture tubes of several successive 
pores. We have drawn in Figures 15a to 15c the fluid capture 
tubes related to three pores in series on a porous surface 
having a porosity of 20% for Re, = 0.1. The first pore is lo- 
cated in the middle of the cell shown in Figure 15, the second 
and third pores being located downstream of this cell. As can 
be seen from Figure 15, the upper boundary of the first pore 
capture tube, Figure 15a, forms the lower boundary of the 
second pore capture tube, Figure 15b. The upper boundary 
of the second pore capture tube, in turn, forms the lower 
boundary of the third pore capture tube, Figure 15c. The part 
of the third pore fluid capture tube located above the consid- 
ered cell, that is, the first pore cell, appears to be almost not 
modified by the suction into the first and the second pores, 
the streamlines being quasi straight within this part of the 
third pore capture tube. This is well-confirmed in Figure 16, 
in which streamwise sections of the capture tubes are repre- 
sented in the z = 0 plane. One observes that the thickness of 
the capture tubes above the first pore cell becomes uniform 
for the capture tubes associated with the furthest down- 
stream pores. However, the flow is not parallel within the 
capture tubes, as can be seen from Figure 17, which reveals 
the right and left expansion of the cross sections of the cap- 
ture tubes in the y = - b/2 plane. Note that the curve associ- 
ated with the fourth pore in Figure 17 is also the curve asso- 

Feeding of Successive Pores. 
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Figure 10. Variation of the fluid capture tubes with the 
surface porosity for Re, = 0.2. 
(a) = 20%; fb) E = 35%; (cf = 80%. 
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ciated with the fifth pore in the plane y = b /2 because of the 
spatial periodicity. Figure 17 makes clear that the lateral ex- 
pansion of the capture tube of a given pore diminishes from 
far upstream up to the pore. For a porous surface of higher 
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porosity, the phenomenon of neighbor pore blocking is clearly 
evidenced in Figure 18, in which are plotted upstream cross 
sections of fluid capture lubes corresponding to fluid suction 
through successive pores. Indeed in this typical case, for the 
same suction condition as in Figure 17, we observe a quasi 
vertical expansion of the fluid capture tubes. This is due to 
the influence of neighbor pores as discussed below. 

As can be seen from Figure 
7, Figure 13, or Figure 18, the lateral expansion of the fluid 
capture tube cannot exceed the limits of the spatial period in 
the z direction. Clearly, the presence of lateral neighbor pores 
reduces the possibility given to the fluid to pass to left and 
right of the pore. In other words, the influence of neighbor 

Influence of Neighbor Fores. 
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Figure 12. Cross sections of the fluid capture tube in 
the y = - b/2 plane for Re, = 0.2. 
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Figure 13. Capture tube horizontal extent in the y =- b/2 
plane as a function of E and Re,. 
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pores here prevents the lateral expansion of the fluid capture 
tube. This is the most striking feature of the fluid capture 
tubes at high suction rate when our results are compared with 
those of Tutty (1988) and Yan et al. (1991), who have studied 
the fluid capture tube of an isolated pore. In this latter case, 
the lateral expansion of the fluid capture tube at relatively 
high suction height is significantly greater. Naturally, as the 
lateral expansion is not limited in this case, the height of the 
fluid capture tube is significantly lower than the one ob- 
served in our simulations. This effect, which is due to the 
influence of neighbor pores, is termed the neighbor pore- 
blocking effect. Thus, in the case of the spatially periodic 
membrane, part of the fluid that is sucked into the pore comes 
from regions of relatively larger tangential velocities. 

O Y  
0.0 0.2 0.4 0.6 0.8 1 

ReW 
1 

figure 15. Fluid capture tubes of successive pores for 

riyurr 14. Gaplure iuue venicai exrenr in m e  y = - R f z  
plane as a function of E and Re,. (a) pore of the considered cell; (b) first pore downstream; 

(c) second pore downstream. 
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Conclusions 
In this article, a finite element solution to the three-dimen- 

sional laminar stationary flow over a porous surface with suc- 
tion has been presented. This work accounts for interacting 
pores by the use of periodic boundary conditions. Since the 
flow in the vicinity of the porous wall can be approximated by 
a Stokes flow, the complex three-dimensional flow has been 
treated as a superposition of three simpler flows, a shear flow 
parallel to the porous wall, a pressure-driven flow parallel to 
the porous wall, and a pressure-driven flow normal to the 
porous wall. Several aspects of the flow have been analyzed. 
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Figure 17. Cross sections of the fluid capture tube of 
successive pores in the y=-b /2  plane for 
E = 20% and Re, = 0.1. 
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Figure 18. Cross sections of the fluid capture tubes of 
successive pores in the y=-b /2  plane for 
E = 80% and Re, = 0.1. 

The study of the low suction intensity case shows the exis- 
tence of a recirculating eddy that grows from the upstream 
edge of the pore as suction intensity decreases. The slip ef- 
fect associated with the llow over a porous surface is here 
negligible even for a surface porosity as high as 80%. In the 
authors' opinion, the slip effect can be neglected in most of 
the cross-flow microfiltration systems. The pressure drop in 
the direction normal to the porous wall is due to the defor- 
mation of the streamlines in the vicinity of the pore opening 
and to the flow through tlhe pore. In agreement with the re- 
sults of Dagan et al. (1982!), this pressure drop can be simply 
determined by assuming E'oiseuille flow throughout the pore 
and Sampson's solution outside, Eq. 96. Most of our other 
results concern the fluid capture tube under various suction 
magnitudes and surface porosities. At high suction rates, par- 
ticular phenomena such as the capture tube lateral expan- 
sion, which exemplifies the three-dimensional structure of the 
flow and the downstream turning back of the suction flow in 
the vicinity of the pore entrance have been seen. At a low 
suction rate, the fluid capture tube is flat and its width is 
about that of the pore diameter. Although our results are in 
qualitative agreement with the results of Tutty (1988) and Yan 
et al. (1991) concerning the flow over and into an isolated 
pore, we observe significant differences due to the fact that 
the influence of neighbor pores is taken into account in our 
simulations. Compared to the results of Tutty (1988) and Yan 
et al. (1991), the influence of neighbor pores essentially re- 
sults in limiting the lateral expansion of the capture tube at 
high suction rates and in increasing its vertical expansion, the 
so-called neighbor pore blocking effect. Thus, at high suction 
rates, the fluid sucked into a pore comes from regions of rel- 
atively greater tangential velocities. Because of this limited 
lateral expansion phenomenon, the flow within the capture 
tube is almost two-dimensional in the limit of high porosities 
and suction rates. The study of the capture tubes associated 
with a sequence of pores shows that the fluid feeding a given 
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pore comes from regions located upstream, so that the fur- 
ther upstream the region is located, the greater the average 
tangential velocity. Naturally, we have considered one single 
type of pore arrangement at the surface, namely a square 
lattice. It would certainly be interesting to study other ar- 
rangements, such as a hexagonal lattice. However, we do not 
believe that this would significantly modify our results. 
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Notation 
E ,  = capture tube vertical extent in the y = - b/2 Dlane 
Ei = capture tube horizontal extent in the y = - 
Re = channel Reynolds number = (2u,h/v) 
u* = dimensionless velocity vector 
u8= x-axis velocity component at x = 6 
u ,  = mean wall suction velocity 
ii,= velocity at x = 6 

up*= Poiseuille velocity at x = 6 
x =  x-axis coordinate 
x =  coordinate vector 
y = y-axis coordinate 
z =  z-axis coordinate 

b)2 plane 

Creek letters 
S =  near wall region thickness 

y,, = velocity ratio = up/‘& 
r - area of the fluid phase at the porous wall 6: area of the solid phase at the porous wall 
A = scale ratio = r/h 
p = fluid dynamic viscosity 
p= fluid density 
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